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Let G be a multigraph containing no minor isomorphic to K33 or Ks\e (where K5\ e
denotes K5 without one of its edges). We show that the chromatic index of G is given by
max{p, [k]}, where p is the maximum valency of G and & is defined as

LIS1/2]

(w(E(S)) being the number of edges in the subgraph induced by S). This result partially
verifies a conjecture of Seymour [J. Combin. Theory (B) 31 (1981), pp. 82-94] and is
actually a generalization of a result proven by Seymour [Combinatorica 10 (1990), pp.
379-392] for series-parallel graphs. It is also equivalent to the following statement: the
matching polytope of a graph containing neither Ks\e nor K3 3 as a minor has the integer
decomposition property.

max { w(B(S)) | S is an odd subset of vertices of G with |S| > 3}

1. Introduction

In this paper we present a method for colouring the edges of multigraphs
not containing a K5\ e or K33 minor (where K5\ e denotes K5 without
one of its edges). The colourings that we construct are optimal, i.e., they
contain as few colours as possible. We consider the multigraph G as a triple
(V,E,w), where V is the set of vertices of G, F its set of edges and w a
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vector whose components are the edge multiplicities of G. We assume that
the components of w are strictly positive and that G is without loops, and
use the term “graph” when we mean “simple graph”. The term “edge” may
denote either a pair {u,v} of vertices (abbreviated as uv) or a particular
link between these two vertices. An edge-colouring of GG is an assignment of
colours to the edges of G such that no two adjacent edges (in particular,
no two edges with the same endpoints) are assigned the same colour. The
chromatic index, denoted by x/(G), is the minimum number of colours in an
edge-colouring of G.

In a 1965 paper, Vizing [14] proved that the chromatic index of a graph
G is either p or p+1 (where p denotes the maximum degree of G). He also
proved that the chromatic index of a multigraph G is at most p+m, where
m denotes the maximum edge multiplicity of G (see also Bondy and Murty
[2]). This bound can be improved in certain cases, but there are few classes of
graphs for which we know the exact value of y/(G). Actually, good bounds
for Y/(G) seem to depend less on edge multiplicities than on the number
of edges in certain subgraphs of G. We shall now describe a “good” lower
bound for x'(G).

For a subset F' of edges of the multigraph G, w(F') denotes } cpwe,
and for a vertex v of G, d(v) denotes the star of v (i.e., the set {e €
E|v is an endpoint of e}). For a subset S of vertices of G, E(S) denotes
the set of edges with both ends in S, and §(S) the coboundary of S, i.e.,
the set {uv € E|ue€ S and ve V'\ S}. We shall distinguish between degree
and valency, that is, |§(v)| is the degree of v while w(d(v)) is the valency of
v. Obviously x/(G) is at least equal to the maximum valency of G, denoted
p. On the other hand, for any edge-colouring of G’ and any odd subset S of
V with |S]>3, at most ||S]/2] edges in E(S) have the same colour (where
|7] denotes the greatest integer n such that n <r). Thus if |S| is odd and

greater than 1, }/(G) is at least equal to “[l(g‘(/‘;ﬁ) = 2“(;?_(*?)). Finally, if x (the

mazimum odd set quotient of G) denotes

max{w | S CV,|S| odd and |S| > 3} ,
L151/2]
X'(G) is at least max{p, [rx]|} (where [r] denotes —|—7]).

The example of the Petersen graph shows that the previous bound is not
always tight (for this graph x/(G) =4 but max{p,[x]} =3). On the other
hand, we do not know of any graph or multigraph for which x/(G) is greater
than max{p+ 1,[x]}. This has led Seymour to conjecture (in [11]) that
X' (G)=max{p+1,[k]} for all multigraphs (see also Goldberg [4]). Seymour
also conjectured that x'(G)=max{p,[k]} for planar multigraphs (see [12]).
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Note that the second conjecture (henceforth called the ezact conjecture) is a
generalization of the four-colour theorem, and that Seymour [13] has verified
it for series-parallel multigraphs (i.e., multigraphs with no Ky minor). At
about the same time, Marcotte [6] proved the first conjecture for multigraphs
with no minor isomorphic to K3\ e.

The Petersen graph minus one vertex also has chromatic index 4. The
truth of Tutte’s edge-colouring conjecture would imply that every “snark”
(i.e., every cubic 3-connected graph with chromatic index 4) contains a
homeomorph of this graph, and hence a homeomorph of K33 (see Isaacs
[5] and Robertson et al. [10]). In the same vein, Plantholt and Tipnis [§]
have shown that a multigraph with ten or fewer vertices satisfies the ex-
act conjecture if the underlying simple graph does not contain the Petersen
graph minus one vertex. Thus we have to exclude K3 3 if we wish to prove
that x'(G)=max{p,[k]} for all multigraphs G belonging to a given class. If
we exclude both K33 and K3, the statement “x/'(G)=max{p, [k]}” is pre-
cisely the exact conjecture. In this paper, we prove that the exact conjecture
holds if we exclude K33 and K5\ e (note that it is not enough to exclude
K5\ e, because the Petersen graph minus one vertex has no Kj\ e minor).

We recall that by a theorem of Wagner [15], a connected graph with
no K5\ e minor and no 1-vertex or 2-vertex cutset is isomorphic to K, (for
1<n<3), the prism, K3 3 or the n-wheel for some n>3. Hence a multigraph
with no K5\ e or K33 minor contains a 1-vertex or 2-vertex cutset, or its
underlying graph is isomorphic to K, (for 1 <n <3), the prism or the n-
wheel for some n > 3. If the multigraph G has a 2-vertex cutset with at
least two vertices on each side, we can apply the decomposition technique
described in Marcotte [7] (see also Section 6 of the present paper). It remains
to prove that x/(G) is equal to max{p, [x]} for multigraphs G whose 2-vertex
cutsets (if any) separate one vertex from the rest of the multigraph. The
simple graphs underlying these multigraphs, if they contain a K4 minor, are
obtained from the prism or the n-wheel by replacing each edge by a path of
length 1 or 2 or a triangle. A precise definition is given below.

Definition 1.1. Let H = (X, F) be a graph. We say that the graph S is a
triangle-subdivision of H if

1. the vertex set of S is X UT', where T is a set of new vertices of degree 2,
and

2. the edge set of S is Uyye pP(u,v), where for each edge uv of H, P(u,v)=
{uv},{ut,tv} or {ut,tv,uv} for some vertex ¢ in T

If the graph underlying G = (V, E,w) is a triangle-subdivision of the trian-
gle, the prism or the n-wheel, we say that G itself is a triangle-subdivision
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of the triangle, the prism or the n-wheel. Figure 1 represents a triangle-
subdivision of the 10-wheel (note that an edge whose multiplicity is not
shown has multiplicity 1).

Fig. 1 A triangle-subdivision of the 10-wheel

In the next section, we describe the relationship between the edge-
colouring problem and matching theory, and give definitions used through-
out the paper. In Section 3, we describe some reductions that can be applied
to the graphs we are trying to colour. Sections 4 and 5 describe methods for
colouring triangle-subdivisions of the n-wheel and the prism, respectively.
Finally, we prove in Section 6 that the chromatic index of a multigraph with
no Ks\e or K33 minor is equal to max{p, [k]}.

2. Edge-colourings and matching theory

By definition of edge-colouring, the edges that are assigned a given colour
form a matching. Thus our problem amounts to covering the edges of a
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multigraph with matchings, and it is natural to investigate the relationship
between edge-colourings and matching theory. For instance, results of Pul-
leyblank and Edmonds [9] suggest that we need not consider all subsets of
odd cardinality when computing x, and we now introduce the subsets that
“matter”. For any subset S of V', Gg denotes the subgraph of G induced by S
(we shall henceforth use the term “subgraph” instead of “submultigraph”).
For any vertex v of S, a matching N in Gg saturates v if v belongs to an
edge of N; otherwise, N leaves v exposed (or unmatched). If N saturates v,
the mate of v is the only vertex u such that vu belongs to N. Finally, if |S]
is odd and greater than 1 and N leaves only v exposed, we say that N is a
near perfect matching of Gg (or S) deficient at v.

Definition 2.1. Let G = (V,E,w) be a multigraph, and S a subset of V'
with |[S| odd and |S| > 3. The multigraph Gg (or S itself) is critical if for
every vertex v in S, there exists a near perfect matching of Gg deficient at v.

As noted above, if E is nonempty, the edge-colouring problem for G =
(V,E,w) can be formulated as a covering program, i.e., the program

min 1.\
st. AA = w (IP)
A >0

Ai € Z for each i,

where A is a row vector and the rows of A are the incidence vectors of
matchings in G. Let (LP) denote the linear relaxation of (IP). Observe
that for a given positive real number r, (LP) has a feasible solution of value
r if and only if <> is a convex combination of incidence vectors of matchings.
It follows from a theorem of Edmonds [3] that (LP) has a feasible solution
of value r if and only if
w
(—> (0(v)) <1 for every vertex v of G

r

and <%> (E(S)) < []S|/2] for every subset S of V'
with |S| odd and |S| > 3,

that is, if and only if r is at least max{p, x}.

We conclude that the optimal value of (LP) is max{p,«}, the fractional
chromatic index of G, and the exact conjecture is equivalent to the statement
that (IP) has the integer rounding property for any planar multigraph G.
The latter, in turn, is equivalent to the statement that the matching polytope
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of a planar graph has the integer decomposition property (see Baum and
Trotter [1]). On the other hand, the characterization of the facets of matching
polytopes by Pulleyblank and Edmonds [9] implies that (LP) has a feasible
solution of value r if and only if

(E) (0(v)) <1 for every vertex v of G

”
and
<%> (E(S)) < [|S|/2] for every subset S of V/

inducing a 2-connected critical subgraph of G.

Hence the fractional chromatic index of G is also equal to max{p,r’},
where «/ is defined as

max { % | S induces a 2-connected critical subgraph of G } .
Observe that in the n-wheel, the number of 2-connected induced subgraphs
is a quadratic function of n, and we do not encounter great difficulties in
proving the exact conjecture for wheels. In the same vein, in order to prove
that x'(G) =max{p+1,[k]} for the multigraph G = (S, E,w), it suffices to
consider the case where k> p and K= % For a triangle-subdivision of the
n-wheel having this property, the number of 2-connected induced subgraphs
with k > p is a quadratic function of n (in the worst case), and the proof
of the conjecture is relatively easy. The problem we address in this paper,
however, seems much more difficult, because we cannot restrict our attention
to a “quadratic” number of subgraphs. In a triangle-subdivision of the n-
wheel, the number of induced subgraphs that are critical and 2-connected
grows exponentially as a function of n, and since we cannot disregard the
subgraphs for which k is at most p, finding an appropriate colouring is more
difficult than in the previous case.

In the rest of the paper k(G) will denote max{p,[x]}, and G\ M the
multigraph obtained from G by removing the matching M. In order to prove
the exact conjecture (i.e., x'(G)=k(G)), we shall use induction on k(G) and
the number of vertices of G. In some cases (to be studied in Section 3),
we can split G into two subgraphs of “small” chromatic index and combine
their edge-colourings to colour the edges of G. This decomposition, called
shrinking, is suggested by the matching algorithm and allows the use of
induction on the number of vertices. When no subset of vertices can be
“shrunk”, we construct a matching M such that k(G\M )=Fk(G)—1 holds and
we use induction on k(G). In Sections 4 and 5 we describe such matchings
for triangle-subdivisions of the n-wheel and the prism, respectively.
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3. Reductions

In this section, we show how to decompose a multigraph G containing certain
types of subgraphs. We only assume that G is connected (in particular, we
do not forbid any minor). Note that in the rest of the paper, “subgraph”
will always mean “vertex-induced subgraph” and “odd set” will always mean
“odd set of cardinality greater than 1”.

Definition 3.1. Let G=(V,E,w) be a multigraph and S a subset of V such
that 2 <|S| < |V| and Gg is connected. By shrinking S we mean replacing
G by the multigraphs G5 and Gp= (X, F! w'), where

X=(V\S)U{vp} and vp is a new vertex,

Fl=E(V\ S)U{vvp| there exists vu€ E such that ve V' \ S and u€ S},
wl=w, for e€ E(V'\ S), and

wl=w(6(v,9)) if e is of the form vvp and §(v,S) denotes {vue E|ue S}.

Note that if G does not contain a given minor, Gp cannot contain this minor
either. In the following proofs we use the same notation as in Definition 3.1.

Lemma 3.2. Let G=(V,E,w) be a connected multigraph, and S an odd
subset of V' such that 3 < |S| < |V|, Gg is connected and w(E(S)) =
k(G)||S|/2]. Let Gp denote the graph obtained from G by shrinking S.
Then k(Gp) < k(G), and X' (G) = k(G) if X'(Gp) and X'(Gg) are at most
k(G).

Proof. The valency of a vertex v£vp is the same in Gp as in G, and thus
at most p. The valency of vp is given by

w'(6(vp)) = w(8(S))
=" w(d(u) — 2w(E(S))

ues
< plS| = 2k(G)[]S]/2]
< p.

We conclude that the maximum valency of Gp is at most p. Let us
now consider an odd subset T of vertices of Gp. If T' does not contain vp,
wh(E(T)) is equal to w(E(T)) and thus at most k(G)||T|/2]. If T contains
vp, we observe that

W (B(T)) = w(B(T\ {vp}) U S)) — w(E(S))
RG]+ 151 - 1)/2) — K@) []S]/2)
K(G)

(@LT]/2].

[Nl
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We have shown that k(Gp) <k(G).

On the other hand, if x'(Gp) and x'(Gg) are at most k(G), let Cy =
{L1,La;...,Lig)} and Cz = {N1,Na,..., Ny} be edge-colourings of Gp
and Gg respectively (where the L; and N; are (possibly empty) matchings).
Since w(E(S)) = k(G)[|S]/2], each N; is a near perfect matching of Gg.
Let t denote w(4(S)) (that is, w!(d(vp))), and viul, v2u?, ..., vtul a list
of the edges of 6(S) (where the u’ belong to S). Note that for a given u in
S, the number of i such that u€v'u’ is at most k(G) —w?(§(u)) (where w?
denotes the restriction of w to Gg). Also the number of matchings deficient
at u in Cy is exactly k(G) —w?(6(u)). Hence we may assume, without loss
of generality, that L; contains edge v'vp and N; is a near perfect matching
deficient at u’ for i=1,2,....t. If we define M; as (L;\ {vivp})UN; U {viu'}
for i=1,2,...;t and as L;UN; for i=t+1,...,k(G), {M1,Ma,..., My} is
clearly an edge-colouring of G. ]

Note that in the previous lemma, the subset S that we shrink need not
be 2-connected or even critical. The following corollary is very useful for
“reducing” a graph G containing vertices of degree 2 (for instance, a triangle-
subdivision of a 3-connected graph).

Corollary 3.3. Let G=(V,E,w) be a connected multigraph, and u a vertex
of G of degree 2 and valency k(G). Let Gp be the multigraph obtained from
G by shrinking {u,v',v?}, where v' and v? are the neighbours of u. Then
K(Gp) K(G), and '(G)=k(G) if /(Gp) <K(G).

Proof. Take S={u,v!,v?} in Lemma 3.2. |

A multigraph G = (S, E,w) such that w(E)=k(G)||S|/2] will be called a
full multigraph. If necessary we can go one step further than Lemma 3.2 and
shrink some subgraphs that are “nearly full”, i.e., whose odd set quotients
are slightly less than k(G). For instance, in Figure 1, the subgraph induced
by u, v7 and their common neighbour verifies the hypotheses of the following
lemma. Note that if the odd set quotient of G is less than k(G) and we
replace T by the pseudo-vertex vp, the valency of vp may be greater than
k(G). Thus we shrink T only if w(§(7")) is at most k(G). We let N(S) denote
the set {veV|v¢S and §(v) is contained in §(S)}.

Lemma 3.4. Let G=(V,E,w) be a connected multigraph whose maximum
odd set quotient is less than k(G), and assume that there exists an odd set

S such that

o |S| >3, V\(SUNC(S)) is nonempty and S and V' \ (SUN(S)) induce
connected subgraphs of G,
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o w(E(S))=k(G)||S|/2] —1, and
o w(3(S)) <k(G)+1 and w(S(SUN(S))) < k(G).

We let Gp (resp. H) denote the multigraph obtained from G by shrinking
SUN(S) (resp. V\(SUN(S))). Then k(Gp) and k(H) are at most k(G),
and }'(G)=k(G) if X'(Gp) and x'(H) are at most k(G).

Proof. We first consider Gp = (X, F',w'), and note that the valency of a
vertex v vp is the same in Gp as in G, and thus at most p. On the other
hand, w'(6(vp))= w(6§(SUN(S))) <k(G) by assumption. As in Lemma 3.2,
we have w!(E(T))=w(E(T)) <k(G)[|T|/2] for an odd set T not containing
vp. Finally, if T" does contain vp, we have

wH(E(T)) = w(BE(T \ {vp}) U S)) — w(E(S))
< EG)ITI+ 1S - 1)/2] =1 ={K(G)[IS]/2] -1}
= k(G)ITI/2).
The inequality obtains because the maximum odd set quotient of G is less
than k(G).

We now consider the graph H. Let w? denote the vector of edge multi-
plicities of H, and v° the vertex that “replaces” V\(SUN(S)) in H. We first
show that the valency of every vertex of H is at most k(G). This is obvious
for any vertex v different from v°, since the valency of v is the same in H
as in G. As for v°, w?(6(v°)) =w(6(SUN(S))) <k(G) by assumption.

Let T be an odd subset of vertices of H such that |T| >3 and v° ¢ T.
Then w?(E(T)) is equal to w(E(T)) and thus at most k(G)||T|/2]. If T
contains 1", we use induction on |T'NN(S)| to prove that w?(E(T)) is at
most k(G)||T|/2] (note that N(S) does not include v°).

o If TNN(S)=0, we have
w?(B(8)) +w?(8(5)) = Z:ng(fS(U)) —w?(B(S))
and N
w(E(S\T)) +w?(3(S\T)) = EXS%TMZ(fS(U)) —w*(E(S\T)),
which yields
w(B(T)) < {w’(B(S)) +w*(6(5))} = {w(B(S\T)) +w?(5(S\ T))}
= > w?(0(u) —w(E(S)) = D w(6(w) +w?(BE(S\T))

uesS ueS\T
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= > w¥(d(u) —w*(B(S)) +w*(B(S\T))

ueT\{v0}
SKG)TI=1) —{k(@)[IS1/2] =1} + k(G IS\ T]/2] -1
= k(G)IT/2].

The second inequality obtains because the maximum odd set quotient of

G is less than k(G).
If TNN(S)={v'} for some v!, we have

W (B(T)) < w(3(0") + 0’ (5(0")) + w(E(T\ {*,v'})
< K(G) + 1+ k(@[T \ {0} /2] — 1
— K(@)|ITI/2)-

The second inequality obtains because w(d(S)) <k(G)+1 and the maxi-
mum odd set quotient of G is less than k(G).

If TNN(S)|>2, we let v! and v? denote two vertices in TN N(S) and
obtain

w?(E(T)) (6(01)) + w?(5(v?)) + w(B(T \ {v!,v°}))
(5(8)) —w?(6(°)) + k(@) [T \ {v',v*}] /2]
since w(E(T \ {v',v*})) < k(G)[|T\ {v',v*}|/2]
by the induction hypothesis
(G) +1 = w?(3(v")) + k(G |IT\ {v',v*}]/2]
(@1T|/2] because G is connected.

We have thus proved that k(Gp) and k(H) are at most k(G). In order to

<w?
<w?

<k
<k

show that x'(G)=k(G) if x'(Gp) and x/'(H) are at most k(G), we observe
that in any colourings of Gp and H, the links in §(vp) and 6(v°) must be
assigned different colours. Since w'(§(vp)) =w?(6(v")), we can identify the
colour of each link in §(vp) with the colour of the corresponding link in 6(v)
to obtain a colouring of G (this argument can also be found in Theorem 1.2
of Marcotte [6]). |

Corollary 3.5. Let G = (V,E,w) be a connected multigraph whose max-
imum odd set quotient is less than k(G), and assume that there exists an

odd set S such that

S| >3, V\(SUN(S)) is nonempty and S and V '\ (SUN(S)) induce
connected subgraphs of G,

w(E(S))=k(G)[1S]/2] 1, and

S contains two vertices of valency at most k(G)—1, or S contains one
such vertex and N(S) contains at least one vertex.
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Let Gp and H be defined as in Lemma 3.4. Then k(Gp) and k(H) are at
most k(G), and ' (G)=k(G) if X'(Gp) and X' (H) are at most k(G).

Proof. The corollary will follow from Lemma 3.4 if we can show that the
hypothesis “w(0(5)) <k(G)+1 and w(§(SUN(S)))<k(G)” holds. Suppose
first that S contains a vertex of valency at most k(G)—1 (denoted by v'),
and N(S) contains a vertex (denoted by v*). Then

w(8(8)) = Y w(d(v)) — 2w(E(S))

veS
= D wd(v) +w@(v") - 2w(E(S))
veS\{v'}
E(G)(IS] = 1) + k(G) =1 = 2{k(G)[|5]/2] - 1}
k(G )|S| —1-{k(@)(S-1) -2}
k(G) +

IHIA

Further, since G is connected, v* is of valency at least 1 and we have
w(6(SUN(S))) <w(d(5)) —w(d(v")) < k(G).

The conclusion of Lemma 3.4 (and Corollary 3.5) follows.
If S contains two vertices of valency at most k(G)— 1, we conclude by a
similar argument that w(d(S)), and hence w(§(SUN(S))), is at most k(G). I

If G satisfies the hypotheses of Lemma 3.2 or 3.4 and the exact conjecture
holds for graphs with fewer vertices than G, we can conclude that x/'(G)=
k(G). Hence in Sections 4 and 5 we consider graphs that do not satisfy the
hypotheses of these lemmas.

Definition 3.6. Let us assume that the multigraph G = (V,E,w) has an
odd subset S of vertices with the following properties:

e |S|>3 and S induces a 2-connected critical subgraph of G,
e V=SUN(S), and
o w(E(S))=k(G)[]S]/2] -1

Then we say that G is nearly full.

Definition 3.7. Let G = (V,E,w) be a multigraph and C the collection
{S|S is an odd subset of V, |S|>3 and Gg is connected}. G is reduced if it
has the following properties:

o if w(E(S))=k(G)||S|/2] for some S in C, then S is equal to V (i.e., G
is a full multigraph), and
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e if the maximum odd set quotient of G is strictly less than k(G), and for
some S in C, w(E(S)) is equal to k(G)[]S]/2] —1, w(d(S)) is at most
E(G)+1, w(d(SUN(S))) is at most k(G) and V'\ (SUN(S)) induces a
connected subgraph of G, then V is equal to SUN(S).

Note that by Corollary 3.3, if G is reduced, every vertex of degree 2 in G is
of valency at most k(G)—1.

4. Wheels

Let G = (V,E,w) be a reduced multigraph that is a triangle-subdivision
of the n-wheel for some n > 3. The vertices of degree at least 3 (the
main vertices) will be denoted by wu,v’,v!,...,v" "1 where u is the cen-
ter of the wheel. The vertex of degree 2 that is adjacent to u and v
(resp. v and v**!) will be denoted by t(u,v?) (resp. t(v',v"T1)). Of course,
not all vertices of degree 2 need belong to GG. Note that in an express-
ion like v**!, the “4+” sign represents addition modulo n. A vertex of the
form t(u,v") (resp. t(v',v'*!)) is said to be inner (resp. outer). Finally,
for i # j, we let B(v',v7) denote the set {v’,v*! ... v/} and BT (v%,v/)
the set B(v',v?) U {t(v*,v**1) | k =i,...,j—1} NV. Clearly, if S induces
a 2-connected subgraph of G that is not a triangle, the intersection of
S and {u,v%,v',...,0" 1} is either {v°,0',...,0" !} or a set of the form
{u}UB (v, v7).

Our goal is to find a matching (or “colour”) to be removed from the
reduced multigraph G. Note that G does not always have a perfect or near
perfect matching, and that even if it does, such a matching is not necessarily
the “correct” one. If G is full, the “correct” matching leaves only one vertex
exposed, but in general, it will be necessary to discard some vertices of G
in order to construct this matching. We now define the notions of “sector”
and “standard matching”. Note that for a subgraph H of G containing all
the v', OC(H) (the outer cycle of H) denotes the set of vertices of H of the
form v* or t(v?,v*t1).

Definition 4.1. Let G=(V,E,w) be a triangle-subdivision of the n-wheel
for some n > 3, and H a subgraph of G containing all the main vertices.
A sector is a subset of vertices of H of the form {u,t(u,v*),t(u,v%)} U
(BT (v*,v")NOC(H)), where k#¢ and H does not contain any of the ver-

tices t(u,v?) for v’ € B(vF,v*)\{v¥ ,v*}. A sector is said to be odd if it contains
an odd number of vertices, and even otherwise.

For instance, the set {u,t(u,v'),t(u,v3),v',v2 t(v?,v3),v3} is a sector of
the graph depicted in Figure 1. In the above definition H need not be a
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triangle-subdivision of a wheel (for instance H is a Ky-free graph if u is of
degree 2 in H). Note also that if H has an even sector, it does not contain
a near perfect matching deficient at w. Thus a multigraph H is critical only
if it has no even sector. Finally, we observe that the definition of sector can
be extended to 2-connected subgraphs of G whose intersection with the set
of main vertices is of the form {u}UB(v,v7).

Definition 4.2. Let G=(V,E,w) be a triangle-subdivision of the n-wheel
for some n > 3, and H a subgraph of G containing all the main vertices.
Assume that OC(H) induces a 2-connected subgraph and H has at least
one sector (that is, at least two inner vertices). A standard H-matching M
in G is constructed as follows:

e (ase 1: H has at least one even sector:
Let k be the smallest index such that B(v¥,v*) determines an even sector
for some £. M contains the edge {t(u,v’),u} and the (unique) perfect
matching of BT (v¥,v?)\ {v*}. For all the other sectors the edges of M
are selected according to the following rule: M contains the (unique)
perfect matching of BT (v¢,v7)\{v'} if the sector determined by B(v?,v7)
is even, and the (unique) perfect matching of (BT (v?,v?)\{v'})U{t(u,v7)}
if this sector is odd.

e (Case 2: H has no even sector:
Let F' be the subgraph obtained from H by removing a vertex of the
form t(u,v?) (say, t(u,v*)). If F' contains a sector, it contains an even one
and we define M to be a standard F-matching (in the sense of Case 1).
If F contains a single vertex of the form ¢(u,v?) (say, t(u,v")), we choose
M to be any perfect matching of F' containing edge {u,t(u,v*)}. In both
cases M is a near perfect matching of H deficient at t(u,v").

In Figure 2 H is the subgraph obtained by discarding vertices ¢(v% v!)
and t(u,v'). The set B(v",v?) determines an even sector in H and the bold-
face edges represent a standard H-matching in G. Note that in a standard
H-matching, all the main vertices are saturated and wu is matched to an in-
ner vertex. Also, if H is critical, any standard H-matching is a near perfect
matching of H. To prove the exact conjecture for triangle-subdivisions of
the n-wheel, we consider first the case of full graphs.

Theorem 4.3. Let G = (S,E,w) be a triangle-subdivision of the n-wheel
for some n >3, and assume that G is critical, reduced and full. There exists
a matching M in G such that the fractional chromatic index of G\ M (and
thus k(G\ M)) is at most k(G)—1.
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Fig. 2 A standard H-matching in the graph represented in Figure 1

Proof. Since the only multigraph with k£(G)=3 is the simple 3-wheel (that
is, K4), we may assume that k(G) is at least 4. If G has at least one sector,
we choose M to be any standard G-matching in G. If G has no sector but
at least one vertex of degree 2 (say, v), we choose M to be any near perfect
matching of G deficient at v. If G has no vertex of degree 2, we note that the
valency of some vertex (say, v*) must be strictly less than k(G) (otherwise
2w(E(S)) =3 ,esw(d(v)) would be equal to k(G)|S|, and thus greater than
2k(G)[]S]/2]). We then take M to be a near perfect matching of G deficient
at v*.

Let y be the incidence vector of M. By construction, if G contains a vertex
of degree 2, M saturates all the main vertices. Since GG is reduced, every
vertex of degree two has valency less than k(G). Therefore (w—y)(d(v)) <
k(G)—1 for every v if G contains at least one vertex of degree 2. If not, M is
a near perfect matching deficient at a vertex of valency less than k(G). We
conclude that in this case also, the maximum valency of G\ M is at most
k(G)—1.

We now show that (w—y)(E(T)) < (k(G)—1)||T|/2] for every odd subset
T of S. By the remarks of Section 2, it suffices to verify this inequality
for sets T inducing 2-connected critical subgraphs of G. The proof is by
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induction on |T'|. Note that since G is reduced, w(E(T)) < k(G)||T|/2] for
any odd subset T of S with |T'|<|S|. Thus (w—y)(E(T)) < (k(G)—1)[|T|/2]
if |T|=3. Also y(E(S))=y(E)=||S|/2] since M is a near perfect matching
of G. Hence (w—y)(E(S))=(k(G)—1)||S|/2], and from now on we assume
that 5 <|T| <|S].

In the remainder of the proof, the gist of the argument is that MNE(T)
leaves few vertices of T exposed (this will imply that (w—y)(E(T)) is not
“too large”). Because M is a near perfect matching, proving that M NE(T)
leaves few vertices exposed amounts to proving that M NJ(T') contains few
edges. We can classify the sets T' according to the “shape” of M N§(T). If
S happens to be TUN(T), M N§(T) will consist of edges of 6(N(T")) only.
Otherwise, if T' does not contain u, MNd(T") will consist of edges of §(N(T"))
and edges containing u or an inner vertex. Finally, if 7' contains u, the set
of main vertices of T must be of the form {u}UB(v*,v*) (since T induces a
2-connected subgraph), and M NJ§(T) will consist of edges of §(N(T')) and
edges containing u, v* or v.

These observations lead one to think that if u does not belong to T,
MN(T) could contain far too many edges (one per inner vertex!). Fortu-
nately, we can show that when there are many inner vertices, the “weight”
of T' cannot be large.

Claim 4.4. If u does not belong to T" and G has at least 5 inner vertices,

(w—y)(E(T)) is at most (k(G)—1)[|T|/2].

Proof. Observe that for any two vertices of degree 2, say, v and v/, we have
w(d(v))+w(d(v')) > k(G) (otherwise the odd set quotient of the subgraph
induced by S\{v,v'} would be greater than k(G)). Let U be a set of precisely
5 inner vertices including the mate of u (note that this mate is an inner
vertex since G has more than one sector). Since w(d(v))+w(d(v")) > k(G)
for any vertices v and v" of degree 2, 3,y w(d(v)) is at least 5/2k(G). On
the other hand, at most 4 edges of M are of the form {v’ t(u,v")} with
t(u,v") belonging to U. Thus

(w=y)(6(T)) = w((T,U)) —y(6(T,U))
= ) w(é(v)) —w(d(u)) —y(o(T,U))
velU
> 5/2k(G) — k(G) — 4
> k(G) — 2

The third inequality obtains because w(d(u)) <k(G) and the fourth because
k(G)>4.
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Now
2(w = y)(B(T)) = Y_(w—y)(6(v)) = (w —y)(8(T))
veTl
< (K(G) = DIT| = k(G) +2
= k(@) - D(T[-1) +1,
from which we conclude that (w—y)(E(T))<(k(G)—-1)||T|/2]. |

Claim 4.4 allows us to assume that there are at most 4 inner vertices in
the neighbourhood of a set T' not containing u. Since w is matched to an inner
vertex whenever G has a sector, (TUN(T)) is a set of at most three edges
(all of them of the form {v?,#(u,v")} if G has at least one sector). Therefore
[MNS(T)|=|MN0o(N(T))|+|MNo(TUN(T))| is at most |N(T)|+3. The
same relation holds when u belongs to T', because any edge of 6(TUN(T))
contains u, v® or v* (where the intersection of 7' and {u,v°,v!,...,0" 1} is
{u}UB("*,v")). In the remainder of the proof, we consider only sets T" such
that 7" induces a 2-connected critical subgraph of G and |M N4&(T)| is at
most |N(T)|+3.

We now prove by induction on |T| that (w—y)(E(T)) < (k(G)—1)[|T|/2].
The only exposed vertex of GG is denoted v*.

Case A. |N(T)|<1 and v*¢T.

Then |MN§(T)| is at most 4 (since |[MNO(T)| <|N(T)|+3), and because
all the vertices in T are saturated by M, [MNE(T)|=(|T|—|Mndé(T)|)/2.
We conclude that |[MNE(T)| > ||T|/2] —1 since M NE(T)| is an integer.
Hence

(w —y)(E(T)) = w(E(T)) — M N E(T)
k(@G)T]/2] =1 =M 0 E(T)]
(k

(@) = DUTI/2].

The first inequality follows from the assumption that G is reduced.

Case B. N(T)=0 and v*€T.

Then |[MN(T)| is at most 3, and from |MNE(T)|=(|T|—-1—-|MN(T)|)/2
we conclude again that |[MNE(T)| is at least ||T|/2]—1 and (w—y)(E(T))
at most (k(G)—1)[|T|/2].

Case C. [N(T)|=1 and v*€eT.

Let W denote S\ (TUN(T)), F the subgraph induced by W and v’ the
only vertex in N(T'). Since T is 2-connected, the 2-connected subgraphs of
F (if any) must be triangles, and by the remarks of Section 2 the fractional

<
<
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chromatic index of F\(MNE(W)) is at most k(G)—1. Therefore w'(E(W))
is at most (k(G)—1)[|W|/2] if we let w’ stand for w—y. We have

20'(E(T)) = Y w'(8(v)) — w'(6(W)) — w'(6(v"))

veT

= w'(6(v)) - { > w'(6(v) — 2w'(E(W))} —w'(6(v"))

veW

= w’(5(v))+2w’(E(W))—{Zw’(5(v))— > w'(5(v))}

veT vES veS\(WU{v'})

=Y w'(8(v)) + 20" (B(W)) = (K(G) = 1)(IS| = 1) + Y w'(6(v))
veT veT
2(k(G) = DIT[ + (K(G) = D)(IW] = 1) = (K(G) = 1)(|S] = 1)

I A

(
(K(G) = D(T] = 1).

Case D. |[N(T)|>2.

Let v and v be any two vertices in N(T'). Then w(§(T")) > w(d(v)) +
w(6(v")) > k(G), and thus (w —y)(6(T)) > k(G) — 2. This implies that
(w—y)(E(T)) is at most (k(G) —1)||T|/2] by the same argument as in
Claim 4.4.

This completes the proof of the exact conjecture for full graphs that are
triangle-subdivisions of the n-wheel. ]

The proof of Theorem 4.3 relies (among other facts) on the observation
that w(6(v)) +w(d(v")) > k(G) for any pair v, v" of vertices of degree 2. In
general, this inequality does not hold and we must discard some vertices of
“small” valency, more precisely, of valency at most (k(G)—1)/2. If H (the
resulting multigraph) contains at least one sector, the required matching
will be a standard H-matching in G.

Theorem 4.5. Let G=(V,E,w) be a triangle-subdivision of the n-wheel,
and assume that G is reduced and not full. There exists a matching M in
G such that the fractional chromatic index of G\ M (and thus k(G\M)) is
at most k(G)—1.

Proof. Since the only multigraph with k£(G)=3 is the simple 3-wheel (that
is, K4), we may assume that k(G) is at least 4. Let H be the graph obtained
from G by removing the inner vertices of valency at most (k(G)—1)/2, and
the outer vertices of valency at most (k(G) —1)/2 whose neighbours are
joined by an edge. If H contains a sector, we choose M to be a standard H-
matching in G. Note that if the multiplicity of edge {v”,(u,v7)} were equal
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to 7 in the multigraph of Figure 1, the multigraph would be reduced and
the matching in Figure 2 would be an illustration of this case. If H does not
contain a sector but contains a perfect matching or a near perfect matching
deficient at a vertex of degree 2, we choose M to be such a matching. Note
that M can be chosen in this way if H has a vertex of the form ¢(v?,v'*1)
and another of the form #(u,v7), or an edge of the form uv® and another of
the form {u,t(u,v7)}.

Finally, if H has no sector, no perfect matching and no near perfect
matching deficient at a vertex of degree 2, one of the following three cases
must occur.

e H contains one edge of the form {u,t(u,v7)} but no edge of the form uv’
Then G contains another inner vertex (say, t(u,v*)), and we choose M
to be a perfect matching of H U {t(u,v*)}.

e H contains an edge of the form uv’ but no edge of the form {u,#(u,v7)}
In this case H has an odd number of vertices. If G contains an inner
vertex (say, t(u,v¥)), we choose M to be a perfect matching of H U
{t(u,v*)} containing the edge {u,t(u,v*)} (where HU{t(u,v*)} denotes
the subgraph induced by t(u,v*) and the vertices of H). If G has no inner
vertex but at least one outer vertex (say, v), we choose M to be a perfect
matching of HU{v}. Otherwise, H is identical to G and we choose M to
be a near perfect matching of G deficient at a vertex of valency at most
k(G)—1.

e H contains no edge incident upon u
Then G has two inner vertices, say, ¢(u,v’) and t(u,v’). We choose M
to be a perfect matching of H U {t(u,v")} if H has an odd number of
vertices, and a perfect matching of H U {t(u,v%),t(u,v7)} otherwise.

Let y be the incidence vector of M. By construction M saturates all ver-
tices of G of valency k(G), and we conclude that (w—1y)(0(v)) < k(G)—1
by the same argument as in Theorem 4.3. To prove that M is the re-
quired matching, we also need to verify that (w — y)(E(S)) is at most
(k(G)—1)[|S|/2] for any odd set S. Actually, we shall prove the follow-
ing (stronger) statement: if L denotes the restriction of M to H and z the
incidence vector of L, (w—z)(E(S)) is at most (k(G)—1)[]S|/2] for any odd
set S. Let Np(S) denote the set {v is a vertex of H |v¢ S and 6(v) C(S)}.

As in the proof of Theorem 4.3, we assume that |S| is greater than 3 and
S induces a 2-connected critical subgraph of G. The proof is by induction
on |S|. Observe that exp(S), the number of vertices of S left exposed by
LNE(S), is at most |S\V(H)|+|LNo(N(S))|+|LNd(SUN(S))| + U],
where V(H) denotes the set of vertices of H and U the set of vertices in
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SNV (H) left exposed by L. Since L is included in H, exp(S) is at most
IS\ V(H)|+ |Np(S)|+|LN§(SUN(S))|+|U|. If S contains u, the set of
main vertices in S is of the form {u} U B(v*,v%), and exp(S) is at most
IS\V(H)|+|Np(S)|+|U\{u}|+3 because any edge of 6(SUN(S)) contains
u, vF or v¢. The following claim will be used in the case where u belongs to
S (note that SUN(S) might or might not be equal to V).

Claim 4.6. Let S be a subset of vertices inducing a 2-connected critical
subgraph of G, and assume that SN {u,v%,v!,...,v" 1} is of the form {u}U
B(v*,v*). If H contains an even sector and |S\ V(H)| + |Ny(S)| is equal
to 1 (resp. 0), the cardinality of U\ {u} is at most 2 (resp. 1). If H does
not contain an even sector, L leaves at most two vertices of S exposed (i.e.,
|U|<2), and if there are exactly two such vertices, one of them must be u.

Proof. Let us assume that H contains an even sector, |S\V (H)|+|Np(S)|
is equal to 1 and U\ {u} contains at least three vertices. By definition of
U and construction of M, these vertices belong to SNV (H) and to even
sectors of H. They are thus of the form t(u,v’). Let t(u,v’), t(u,v*) and
t(u,v") be three such vertices, where j <k < {. Since Gg is 2-connected and
v/, v* and v’ belong to S, S contains all the main vertices of at least two
of the even sectors to which t(u,v?), t(u,v*) and t(u,v’) belong. Because
IS\V(H)|+|Np(S)| is equal to 1, S must contain all the vertices of at least
one even sector, contradicting the assumption that Gg is critical. Therefore
U\ {u} contains at most two vertices. If H contains an even sector and
|S\V(H)|+ |Np(5)]| is equal to 0, a similar argument shows that U\ {u} is
at most 1.

If H does not contain an even sector, we can check easily that by con-
struction of M, at most two vertices of H are left exposed by M or are
matched to vertices not belonging to H. Further, if there are two such ver-
tices, one of them must be u. It follows that |U| (the number of vertices of
SNV (H) left exposed by L) is at most 2. |

If u belongs to S and SUN(S) is equal to V' (in particular, if S contains
all the main vertices of G), exp(S) is at most |S\V(H)|+ |Nn(S)|+ |U|.
The following claim will be used in the case where SUN(S) is equal to V,
whether u belongs to .S or not. We leave its proof to the reader because it
is very similar to that of the previous claim.

Claim 4.7. Let S be a subset of vertices inducing a 2-connected critical
subgraph of G. If SUN(S) is equal to V and |S\V(H)|+|Nx(S)| at most

2, L leaves at most two vertices of S exposed (i.e., |U|<2).
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Finally, if S does not contain u, LNd(SUN(S)) could contain as many
edges as there are inner vertices in H. As in Theorem 4.3, we can prove that
when there are many such vertices, the “weight” of S cannot be large. We
note that for any two inner vertices belonging to H, say, v and v’, we have
w(d(v))+w(d(v")) > k(G) (this is a trivial consequence of the definition of
H). The proof of the following claim is identical to that of Claim 4.4 and
we shall omit it.

Claim 4.8. If u does not belong to S and H has at least 5 inner vertices,
(w—y)(E(S)) is at most (k(G)—1)[]S|/2].

Claim 4.8 allows us to assume that there are at most 4 inner vertices in the
neighbourhood of a set S not containing u. If H has at least one sector, we
know that M is contained in H, that u is matched to an inner vertex and that
the only vertices left exposed by M are inner vertices. Since L is identical to
M, we conclude that U= and exp(S) is at most |S\V (H)|+|Np(S)|+3. If
H does not have a sector but contains a perfect matching or a near perfect
matching deficient at a vertex of degree 2, |U| is at most 1 and | LNd(SUN (.S))|
at most 2 (because H has at most one inner vertex). Finally, if H contains
no sector, no perfect matching and no near perfect matching deficient at a
vertex of degree 2, it can be checked easily that [LN§(SUN(S))|+|U] is at
most 2. In the rest of the proof we shall thus assume that exp(S) is at most
[S\V(H)|+ |Np(S)|+3 whenever u¢S.

We now show that (w— z)(E(S)) is at most (k(G)—1)||S|/2] for any
odd set S, except in Case E and the last subcase of Case C, where we show
directly that (w—y)(E(S)) is at most (k(G)—1)||S|/2].

Case A. S\V(H)=0 and Ny(S)=0.

If ug S, exp(S) is at most 3. If u € S, U\ {u} contains at most one
vertex by Claim 4.6, and thus exp(S) is at most 4. Then |L N E(S)| =
(|S|—exp(S))/2 is at least [(|S|—4)/2]=]S|/2]—1, and (w—2)(E(S)) is at
most (k(G)—1)[]S|/2] by the same argument as in Case A of Theorem 4.3.
Case B. |S\V(H)|+|Ny(S)|=1 and w(E(S))<k(G)||S|/2] —2.

Ifu¢ S, exp(S) is at most 4. If ue S, U\{u} contains at most two vertices
by Claim 4.6, and thus exp(S) is at most 6. We conclude that |L N E(S)]
is at least ||S|/2] —2 and (w—2)(E(S)) at most (k(G)—1)||S|/2] by an
argument, similar to that in Case A.

Case C. |S\V(H)|+|Nx(S)|=1 and w(E(S))=k(G)[|S|/2] —1.

If u¢ S, we may use the same argument as in the previous two cases
since exp(S) is at most 4. If uw € S and SUN(S) is equal to V, |U] is at
most 2 by Claim 4.7. Hence exp(S) is at most 3 and (w—z)(E(S)) at most

(K(G) =DLIS1/2]-
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We turn to the case where ue€ S and SUN(S) is not equal to V. Assume
first that |Np(S)| = 1. The subgraph induced by V'\ (SUN(S)) must be
connected and contain more than one vertex. Thus if S contained a vertex
of valency at most k(G)—1, we could apply Corollary 3.5 to “decompose” G
into smaller multigraphs. Since G is reduced, we may conclude that S has
no vertex of valency at most k(G)—1 and hence no inner vertex. Because
S is 2-connected and included in H, H contains two edges of the form wuv’
and a vertex of degree 2 (the only vertex in Np(S)). By construction M is
included in H and identical to L, which allows us to conclude that U\ {u}
is empty, exp(S) at most 4 and (w—z)(E(S)) at most (k(G)—1)|[|S|/2].

Suppose now that |S\V (H)|=1. If N(S) were not empty, we could again
apply Corollary 3.5 to decompose G (this follows because the only vertex in
S\V(H) is of degree 2). The hypothesis that G is reduced thus implies that
N(S) is empty and all vertices of SNV (H) are of valency k(G). Since M
saturates all vertices of valency k(G), M NE(S) leaves at most 4 vertices of
S exposed and (w—y)(E(S)) is at most (k(G)—1)||S]/2].

Case D. |[S\V(H)|>2.

Then S contains two vertices of valency at most (k(G)—1)/2, say a and
b (note that all vertices removed from G have valency at most (k(G)—1)/2).
By the induction hypothesis, (w—z)(E(S\{a,b})) <(k(G)—1)|(]S]—2)/2],
and thus

(w=2)(E(S)) < (K(G)=1)[(|S]=2)/2]+2(k(G) =1)/2 = (k(G) =1)[|5]/2].

Case E. |S\V(H)|=1, |[Ny(S)|>1 and N,(S) contains a vertex of valency
greater than (k(G)—1)/2.

Let a denote the only vertex in S\V (H), and b a vertex in Ny (S) whose
valency is greater than (k(G)—1)/2. Then

2(w —y)(B(S)) = D (w = 9)(8(v)) — (w —)(5(S))

veS
< (k(G) = D(S[ = 1) + (w —y)(d(a)) — (w —y)(5(b))
since the maximum valency of G\ M is at most k(G) — 1
< (k(G) = 1)(|S] = 1) + (K(G) = 1)/2 = (w — y)(6(D))
since a € S\ V(H)
< (B(GQ) = 1)(IS] = 1) +y((d)) by choice of b
< (K(G) — (S|~ 1) +1

since y is the incidence vector of a matching.

We conclude that (w—y)(E(S)) is at most (k(G)—1)[]S|/2].



382 ODILE MARCOTTE

Case F. |S\V(H)|=1, |[Ny(S)|>1 and N,(S) does not contain a vertex of
valency greater than (k(G)—1)/2.

Observe that at most one vertex in Np(S) may be of valency at most
(k(G)—1)/2. If there were two such vertices, they would be outer vertices or
main vertices. For instance, if ¢(v’,v"*!) and t(v7,v7 1) belonged to Nj(9)
and were of valency at most (k(G)—1)/2, the definition of H would imply
that G does not contain edges v*v'*! and v/v7+1. But then S would not
induce a 2-connected subgraph, contradicting our assumption. We also reach
a contradiction if we assume that N, (S) contains two main vertices (or an
outer vertex and a main vertex) of valency at most (k(G)—1)/2.

Therefore | Ny, (S)|=1. If the only vertex in N, (S) is an outer vertex, S
must contain all the main vertices because it induces a 2-connected subgraph
of G. Hence SUN(S) = V. If the only vertex in N (S) is a main vertex,
S U N (S) contains all the main vertices and thus S U N(S) is equal to
V also. Since |S\V(H)|+ |Ny(S)| =2, |U| is at most 2 by Claim 4.7 and
exp(S)=|S\V (H) [+ Np(S)H|U| is at most 4. We conclude that (w—z)(E(S))
is at most (k(G)—1)[]S]/2].

Case G. S\V(H)=0 and |Ny(S)|>2.

Let us assume first that Nj,(S) contains two vertices v and v of valency

greater than (k(G)—1)/2. Then

(

But this implies readily that (w—2z)(E(S))<(k(G)—1)[]S|/2] (see Case
D of Theorem 4.3).

Finally, if Nj(S) contains at most one vertex of valency greater than
(k(G) —1)/2, |Np(S)| must be equal to 2 since by the argument in Case
F, Nj,(S) cannot contain more than one vertex of valency at most (k(G)—
1)/2. Tt follows easily that SUN(S) is equal to V and |U| is at most 2 (by
Claim 4.7). We conclude that (w—2z)(E(S)) is at most (k(G)—1)[|S|/2]| by
the same argument as in Case F. ]

5. The prism

Let G = (V,E,w) be a triangle-subdivision of the prism and V* =
{v1,v2,v3,v4,V5,06} the set of main vertices of G (i.e., vertices of G of de-
gree at least 3). Without loss of generality, we assume that {v1,vs,v3} and
{v4,v5,v6} induce the two “triangles” of the prism, and that vjvy, vovs and
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V3

Ve

V1 V4
Fig. 3 A triangle-subdivision of the prism and one of its standard matchings

v3vg are its three “matching edges” (see Figure 3 for an illustration, where
the boldface edges form a perfect matching of G). We shall denote by v;;
the only vertex of degree 2 (if any) that is adjacent to v; and v;. The sub-
graph induced by {v1,ve,v3} U (V N{v12,v13,v23}) is denoted by (vivavs),
and (vqusve) is defined similarly. The subgraph induced by {v;,vj,v;;} (if
vi; is a vertex of G) or {v;,v;} (if not) will be called the pseudo-edge v;v;
and denoted by (v;v;). Finally, we say that pseudo-edges (v;v;) and (vive)
are opposite edges if they belong to different triangles and there is only one
pseudo-edge joining a vertex of (v;v;) to a vertex of (vgvy).

The following lemma describes the kind of matching that will be used to
find an edge-colouring of G when G is full.

Lemma 5.1. Let G=(V,E,w) be a triangle-subdivision of the prism. If G
is critical, there exists a matching M in G with the following properties:

e M is a near perfect matching of G,

e M saturates all the main vertices, and

e |MN§(TUN(T))| is at most 3 for any subset T' of V' inducing a 2-connected
subgraph of G.

Proof. We observe that neither triangle of the prism may contain three
vertices of degree 2. If (v1v9u3), say, contained three such vertices, G would
not have a near perfect matching deficient at vy, because the vertices of
degree 2 could be matched to v and v3 only. We consider the following
cases, which exhaust all possibilities since G has an odd number of vertices.
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e If at least one of the two triangles contains a vertex of degree 2, G must
have two opposite edges (say, (viv2) and (vsvg)) such that (vive) does
not contain a vertex of degree 2 while (vsvg) does. Let H be the graph
obtained from G by removing the vertex vsg, the edge vive and the edge
vsvg (if it exists). The vertex set of H can be viewed as the union of three
paths from vz to v4 (one going through vg, one through v; and the last
one through vy and vs). Since H has an even number of vertices, so does
one of these paths, and a perfect matching of H (denoted M) can easily
be constructed.

o If neither of the two triangles contains a vertex of degree 2 and G
contains vertices w14, v95 and wsg, we choose M to be the matching
{v1v14, 203, V255, v406 }-

o If neither of the two triangles contains a vertex of degree 2 and G contains
exactly one of the three vertices v14, vo5 and vsg (say, v14), we choose M
to be the matching {v1vs,vovs,v4v6}

In all cases, M is clearly a near perfect matching of GG that saturates
all the main vertices. Let T" be a subset of V' that induces a 2-connected
subgraph of G. Observe that if [TNV*| <3, [MNJ(TUN(T))| is obviously at
most 3, while if |TNV*|=5, TNV* is of the form V*\{v;} for some i and the
same conclusion follows. If |TNV*|=4, TNV* is {ve,v3,v6,v5 }, {v1,v2,05,04}
or {v1,v3,v6,v4 }. Since M was chosen in such a way that both MNE((viv2))
and MNE((vsve)) are empty, we conclude that |[MNJ(TUN(T))]| is at most
3if [TNV*|=4. ]

A matching with the properties of Lemma 5.1 will be called a standard
matching of G. The previous lemma enables us to prove a theorem similar
to Theorem 4.3.

Theorem 5.2. Let G=(S,E,w) be a triangle-subdivision of the prism, and
assume that G is critical, reduced and full. For any standard matching M
of G, the fractional chromatic index of G\M (and thus k(G\M)) is at most
k(G)—1.

Proof. By a familiar argument the maximum valency of G\ M is at most
k(G)—1. Let T be a subset of S inducing a 2-connected critical subgraph of
G. Since G is reduced and M is a near perfect matching of G, it suffices to
consider those sets T" with 5<|T'| <|S|. As in the proof of Theorem 4.3, we
note that for any two vertices of degree 2, say, v and v/, w(§(v))+w(d(v"))
is at least k(G). The only vertex left exposed by M will be denoted by v*,
and the incidence vector of M by .

Case A. [N(T)|<1 and v*¢T.
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Then |MN§(T)|=|MNS(N(T))|+|MNS(TUN(T))| is at most |N(T')|+3,
and hence at most 4. Because all the vertices in T are saturated by M,
|MNE(T)| is at least ||T'|/2]—1 and (w—y)(E(T')) at most (k(G)—1)[|T|/2].
Case B. |[N(T)|>2.

Let v and v' be any two vertices in N(T'). Then (w—1y)(6(T)) is at least
kE(G)—2 (by the same argument as in Case G of Theorem 4.5). This implies
that (w—y)(E(T)) is at most (k(G)—1)[|T|/2] by the same argument as in
Claim 4.4.

Taken together, Cases A and B prove that

(w—y)(E(T)) < (K(G) = D[IT]/2]

for all sets T not containing v*.

Case C. N(T)=0 and v*€T.
Then |MN§(T)| is at most 3, and thus

MO ET)] = [(IT] =1 - |Mn&T)])/2] = [IT1/2]-1.

We conclude, as in Case A, that (w—y)(E(T)) is at most (k(G)—1)[|T|/2].

Case D. |[N(T)|=1 and v*eT.

Let W denote S\ (T'UN(T)), F the subgraph induced by W and L the
matching M NE(W). Any 2-connected critical subgraph of F'\ L has an odd
set quotient that is at most k(G)—1 (because it does not contain v*). By
the remarks of Section 2 the fractional chromatic index of F'\ L is at most
k(G)—1. Therefore w'(E(W)) is at most (k(G)—1)[|W|/2] if we let w’ stand
for w—y. By the same calculation as in Case C of Theorem 4.3, we verify
that 2w’ (E(T)) is at most (k(G)—1)(|T|—1).

This completes the proof of the exact conjecture for full graphs that are
triangle-subdivisions of the prism. ]

For triangle-subdivisions of the prism that are nearly full, we need an-
other kind of standard matching.

Lemma 5.3. Let G = (V,E,w) be a triangle-subdivision of the prism. If
the vertex set of G is of the form SU{v*}, where S induces a 2-connected
critical subgraph of G, there exists a matching M in G with the following
properties:

e M is a perfect matching of G, and
o |MNS(TUN(T))| is at most 3 for any subset T' of V' inducing a 2-connected
subgraph of G.
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Proof. Let us consider first the case where at least one of the vertices v14, Vo5
and v3g belongs to G. Without loss of generality, we assume that ve5 belongs
to G and let F' denote the graph obtained from G by shrinking {ve,ves,vs}.
F' is a triangle-subdivision of the 4-wheel, and if it has any sector, it must
contain an odd number of even sectors. Because Gg is 2-connected, either
v* is vo5 or v* does not belong to {vy,ves5,v5}. In both cases, if F' contained
three even sectors, G's would contain a cycle with 5 (resp. 4, 3) main vertices
and 5 (resp. 4, 3) vertices of degree two, contradicting the assumption that
(g is critical. Thus if F' has any sector, it has exactly one even sector and
we let L denote a standard F-matching of F' (as defined in Section 4). If F’
has no sector, we let L denote any perfect matching of F. We define M as
LU{vaves} if L contains an edge of which vs is an endpoint, and LU{va5vs5}
otherwise (see Figure 3 for an illustration).

Clearly |IMNo(TUN(T))| is at most 3 if [TNV*|=2,3 or 5. If |[TNV*|=4
and T contains ve and vs, we observe that |[M NJ(TUN(T))| is at most
3 because M contains edge vovos or vosvs. Otherwise, TN V™ is the set
{v1,v3,v6,v4}, and if F' has a sector, its pseudo-vertex is matched to an
inner vertex and at least one of vy, vs, vg and v4 is not matched to ve, vs
or a vertex adjacent to vy or vs. If F' has no sector, it contains at most one
inner vertex (say, v;;), and vertices in TNV* can be matched only to vertices
in TUN(T') or {v2,vs,v;;}. In both cases we conclude that [MNé(TUN(T))|
is at most 3.

If none of v14, vo5 and v3g belongs to G, the latter contains at most four
vertices of degree 2 because S induces a critical subgraph. The proof that the
prescribed matching exists is straightforward and we leave it to the reader. i

A matching with the properties of Lemma 5.3 will be called a standard
matching of G.

Theorem 5.4. Let G=(V,E,w) be a triangle-subdivision of the prism, and
assume that G is reduced and nearly full. There exists a matching M in G
such that the fractional chromatic index of G\ M (and thus k(G\M)) is at
most k(G)—1.

Proof. Since G is nearly full, there exists a subset S of G that induces a
2-connected critical subgraph and such that V' is SUN(S) and w(E(S)) is
equal to k(G)[|S|/2]-1. If N(S) contains a main vertex, we let v* denote this
vertex. (Note that 3-,c n(g)\(or} w(6(v)) is at most k(G)—1 because w(d(v*))
is at least 3.) If N(S) does not contain a main vertex, S must contain all
the main vertices and at least one vertex of degree 2; hence w(4(S5)) is at
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most k(G)+1. If N(S) is not empty, we let v* denote any vertex in N(S)
and observe that 3¢ y(sy fv+} w(6(v)) is again at most k(G)—1. We choose
M to be a standard matching of the subgraph induced by SU {v*} (this
matching exists by Lemma 5.3). If N(S) is empty, we choose M to be a
standard matching of G (see Lemma 5.1). In the rest of the proof we let U
denote the set of vertices left unmatched by M. Note that every vertex in U
is of degree two, and that if U contains more than one vertex, U is a subset
of N(S).

We claim that M is the required matching. First note that since N(.S)
contains at most one main vertex, the maximum valency of G\ M is at most

k(G) — 1. It remains to prove that (w—y)(E(T)) < (k(G) —1)[|T|/2] for
every T inducing a 2-connected critical subgraph of G (where y, as usual,
denotes the incidence vector of M). Since G is reduced and the restriction
of M to S is a near perfect matching, we may assume that |7 > 5 and
T # S. The proof is by induction on |T'| and N(7T') denotes the set {v €

S|d(v) is contained in §(7")}.
Case A. [TNU|<1, |Ns(T)|<1 and w(E(T))<k(G)||T|/2| —2.

By Lemma 5.3 |[MN§(TUN(T))| is at most 3, and because |MNI(N (T))| is
at most | Ns(7')|+1, the number of vertices of T left unmatched by MNE(T)
is at most |TNU|+|MNé(TUN (T))|+|Ns(T')|4+1 <6. By a familiar argument,
(w—y)(E(T)) is at most (k(G)—1)[|T|/2].

Case B. |T'NU|<1, [Ny(T)|<1 and w(E(T))=k(G)[|T|/2] —1.

Clearly |T'NV*| cannot be equal to 3, because if it were, the subgraph
induced by T would have two vertices of degree 2 and T"U N(T') could be
shrunk by Corollary 3.5. Similarly, if |[T'NV*| is equal to 4, T cannot have
two vertices of degree 2, and if |TNV*|=4 and |T'|=5, N(T') must be empty.
Hence |[TNU|+|MNS(TUN(T))|+|N(T)]| is at most 4 if |[TNV*|=4. It follows
that (w—y)(E(T)) is at most (k(G)—1)[|7|/2], and the same conclusion
holds if |T'NV*| is equal to 5 or 6, unless |T’NV*| and |T| are equal to 5,
|[MNO6(TUN(T))| is equal to 3 and |Ng(T')| to 1 and v* belongs to N(T')\S
(where v*, as above, denotes the only matched vertex in V'\ ).

If T has all these properties, let W denote the set of vertices in
S\ T belonging to edges of M N (7). One can show that |W| = 4
and W contains a main vertex (say, vi). But then we have w(d(7")) >
w(S(S\W, W) +w(0(v*)) =w(E(S)) —w(E(S\W))—w(EW))+w(0(v)) >
{R@G)ISI/2] =1} = {R(@S\W]/2] =1} — {w(b(v1) -1} + w(é(v*)) >
k(G)+3. We conclude that (w—y)(6(T)) > k(G)—2, and thus (w—y)(E(T)) <
(k(G)—1)||T|/2] by the same argument as in Claim 4.4.

Case C. |T'NU|>2.
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In this case U is a subset of N () and is actually the set N (S)\{v*}. Let
v" and v” be any two vertices in N(S)\{v*}. Since 3=, y(s)\ for3 w(6(v)) is
at most k(G)—1, we have
w(E(T)) < w(ET\{v',v"}) + k(G) -1
(k(G) = DT = 2)/2] + k(G) -1
(K(G) = DLITI/2]

<
<

by the induction hypothesis.

Case D. |N,(T)|>2.

Let v and v' be two vertices in Ny(T'). Note that w(d(v))+w(d(v')) > k(G)
(otherwise the odd set quotient of the subgraph induced by S\{v,v’'} would
be equal to k(G), contradicting the hypothesis that G is reduced). Therefore
(w=y)(6(T)) = k(G) =2 and (w—y)(E(T)) < (kK(G) - 1[|T|/2] by the same

argument as in Claim 4.4. ]

In the following lemma we describe the matching that will be used when
G is neither full nor nearly full.

Lemma 5.5. Let G=(V,E,w) be a triangle-subdivision of the prism. There
exists a matching M in G that saturates all vertices of V* and verifies the
following property for every subset S inducing a 2-connected subgraph of G:

1. |IMNE(S)|>1 if |[SNV*|=4,
2. [MNE(S)|>2 if |SNV*|=5, and
3. IMNE(S)|>3 if|[SNV*|=6.

Proof. The lemma can be verified by inspection of the following cases.

o If edges vjvyg, vov5 and vzvg belong to G, we let M be {vyvy,v9v5,v306}.

o If exactly two edges among vivyg, vous and vsvg belong to G, say, vivy
and vous, and if edges vovg and wsvg also belong to G, we let M be
{v1v4,v203, V506 }.

e If exactly two edges among vjvy, v9v5 and v3vg belong to G (say, v1v4 and
vovs5), and if one of the edges vovs and v5vg is missing from G, we let M
be {v1v4, V205, V2303, V3606 } if vovs is missing and {v1v4, Vov5, V3V36, VseVE
otherwise.

e If one and only one of vivy, vovs and vsvg belongs to G (say, vivy), we
let M be {v1v4,v2v3, 2505, 03606 } if vovs belongs to G,
{v1v4, V506, V2025, V3036 } if v5v belongs to G and
{v1v4,V9V25,V5Us56, V6U36, U323 } if neither vyvs nor vsvg belongs to G.
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e If none of wyvy, vovs and wsvg belongs to G, and there is at least
one vertex of the form wv;; for i,j € {1,2,3} or i,j € {4,5,6}, we
assume (without loss of generality) that vy belongs to G. Then
we let M be {vi4v4,v2505,V3606,v1012,0203} if vovs belongs to G,
{v14V4, V255, V36V6, V1V3, V1202 } if v1v3 belongs to G and
{v14v4, V2505, V366, V1 V12, V2U23,v3v13} otherwise.

e If none of viv4, vovs and wyvg belongs to G, and there is no vertex
of the form wv;; for 4,5 € {1,2,3} or 4,5 € {4,5,6}, we choose M to be
{v1v14, V2505, V203, V406 }- |

Theorem 5.6. Let G=(V,E,w) be a triangle-subdivision of the prism that
is reduced but neither full nor nearly full. There exists a matching M in G
such that the fractional chromatic index of G\ M (and thus k(G\M)) is at
most k(G)—1.

Proof. Let M be a matching verifying the property of Lemma 5.5. The
maximum valency of G\ M is at most k(G) — 1 because M saturates
all the main vertices. Let y denote the incidence vector of M and S be
any odd set inducing a 2-connected critical subgraph of G. Then e(S) =
w(E(S)) — (k(G)—1)||S|/2] denotes the “excess” of S, i.e., the minimum
value that |M N E(S)| must take in order for (w — y)(E(S)) to be at
most (k(G)—1)[|S|/2]. The enumeration of the following cases shows that
|IMNE(S)| is at least e(S) for any set S. Observe that if [SNV*|=5, |S] is
at most 9 (otherwise S would not induce a critical subgraph). Similarly, |S|
is at most 11 whenever |SNV*|=6.

e |SNV*|=4 and |S|=5
Then e(S) <1 because the subgraph induced by S is not full.

e |SNV*|=4 and |S|=7
e(S) is not equal to 3 because the subgraph induced by S is not full. It
is not equal to 2 either, because if it were, w(E(S)) would be equal to
k(G)[]S]/2] —1 and G could be decomposed into smaller multigraphs by
Corollary 3.5 (note that S contains three vertices of degree 2). Thus e(5)
is at most 1.

e |SNV*| =5 and |S|=5
Then e(S) <1 because the subgraph induced by S is not full.

e |SNV*|=5and |S|=T7or9
e(S) is not equal to 4 because the subgraph induced by S is not full.
It is not equal to 3 either, because if it were, w(E(S)) would be equal
to k(G)[]S|/2] or k(G)[]S|/2] —1 and S could be shrunk (note that S

contains at least two vertices of degree 2). Thus e(S) is at most 2.



390 ODILE MARCOTTE

e |SNV*|=6 and |S|=7
Then e(S) <2 because the subgraph induced by S is not full.

e [SNV*|=6 and |S|=9 or 11
If |S| =9, e(S) is less than 4 (otherwise G would be full or S could be
shrunk). If |S|=11, e(S) is not equal to 5 for the same reason, and if it
were equal to 4, G would be nearly full. Therefore e(S) is at most 3.

We conclude that if M is a matching verifying the property of Lemma 5.5,
IMNE(S)| is at least e(S) and therefore (w—y)(E(S)) is at most (k(G)—
D[[S1/2]. I

6. Graphs that contain neither K5\ e nor K33 as a minor

We can now deal with the general situation, that is, the case where G con-
tains no minor isomorphic to K5\ e or K3 3. Results of Wagner [15] imply
that either G has a 1-vertex or 2-vertex cutset, or the graph underlying G
is isomorphic to K, (for 1 <n<3), the prism or the n-wheel for n>3. It is
not difficult to conclude (see Marcotte [6]) that if G is 2-connected and has
at least 6 vertices, then either

e (G has a proper 2-vertex cutset (i.e., a cutset whose removal splits the
graph into two subsets of vertices V; and Va with |Vi],|V2|>2), or

e (G is a triangle-subdivision of the triangle, the prism or the n-wheel for
n>3.

A triangle-subdivision of the triangle is a series-parallel multigraph, and
as we noted in the introduction, Seymour [13] has proved that x'(G) =k(G)
for all such multigraphs. The results of Sections 4 and 5 imply that if G is
a triangle-subdivision of the prism or the n-wheel and the exact conjecture
holds for all graphs G’ such that V(G') <V (G) or k(G") <k(G), then x'(G)
is also equal to k(G). In this section we assume that G has a proper 2-
vertex cutset and briefly recall the technique for decomposing G described
in Marcotte [7].

Definition 6.1. Given a 2-connected multigraph G=(V, E,w), we say that
{u,v} is a 2-vertex cutset of G if there exist subsets Vz and Vi of V' such
that

1. VLﬂVR:{u,’U},
9. E=E(Vi)UE(Va),
3. |Vz|>3 and |Vg|>3.
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If the last condition is replaced by the condition “|Vp|>4 and [Vg|>4",
we say that {u,v} is a proper 2-vertex cutset of G.

Note that if {u,v} is a 2-vertex cutset of G, we may assume that v and v
are of valency k(G). For if u (say) is not of valency k(G), we may add to G a
vertex u’ (called a leaf) and an edge uu' of multiplicity k(G)—w(d(w)). This
will increase the number of vertices of G, but as we shall see below, this in-
crease will not affect the induction argument. Thus the fractional chromatic
index of G is exactly k(G), and as we observed in Section 2, Edmonds’ the-
orem (applied to G) states that w can be expressed as Zle a; ', where
a; >0 for all 4, >F_; a; = k(G) and 2! (for i =1,2,...,p) is the incidence
vector of the matching M;. Furthermore, because of the assumption that
w(d(u))=w(0(v))=k(G), each of u and v is saturated by M; for all i.

We wish to decompose G into two multigraphs Gy and G such that
k(Gr) < k(GQ), k(Gr) < k(G) and X'(G) < max(x'(GL),X (GRr)). Since we
want the fractional edge-colourings of G, and Gg to reflect the given frac-
tional edge-colouring of G, we define the vertex set of G (resp. Gr) as
Viu{vt} (resp. VRU{v®}), where v¥ and vt are pseudo-vertices represent-
ing the “rest of the multigraph”. The multigraphs G, and G will be called
the left lobe and right lobe of G, respectively.

To determine the multiplicities of the edges incident upon the new ver-
tices, observe that each M; (for i=1,2,...,p) falls into one of the following
categories:

1. the matchings M; that contain the edge uv,

2. the matchings M; that contain edges ua and vb for a € Vi \ {u,v} and
be Vi \{u,v},

3. the matchings M; that contain edges wa and vb for a € Vi \ {u,v} and
beVr\{u,v},

4. the matchings M; that contain edges ua and vb for a € Vg \ {u,v} and
be Vi \{u,v}, and

5. the matchings M; that contain edges ua and vb for a € Vg \ {u,v} and
beVr\{u,v}.

Each of the M; must be “split” into a matching of G, and a matching of
Gp. If M; belongs to the first category, it will be split into M; NE(Vy) and
M,NE(VR). If it belongs to the second category, it will be split into M;NE(V7,)
and (M;NE(Vg))U{uv} (even if uv does not belong to G), and if it belongs
to the third category, into (M; N E(V))U{vol} and (M;NE(VR))U {uv®}.
Thus to every M; of the third category correspond a matching of G, that
contains vv” and a matching of G that contains uv™. It is therefore natural
to define G, (resp. Gg) in such a way that the multiplicity of vv” (resp.
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wv® ) is equal to 3 (a; | M; belongs to the third category). The difficulty, of
course, is that the latter quantity need not be an integer. One can make
similar remarks about matchings of the fourth and fifth categories.

We can now complete the definition of GG, and Ggr. Let

a=Y (a;| M; belongs to the first category),

B=>"(a;| M; belongs to the second category) and

e=> (o | M; belongs to the fifth category).
Observe that « is an integer, because it is the multiplicity of the edge uwv.
(If wv does not belong to G, we may of course assume that its multiplicity
is equal to 0.) G, is constructed by adjoining the pseudo-vertex v* to Vi,
and by adding [e] to the multiplicity of wv. Similarly, G is constructed by
adjoining the pseudo-vertex v to Vg, and by adding [3] to the multiplicity
of uv.

Definition 6.2. G, is the multigraph (V7 U{v"}, E(Vy)U{uv,uv®, vol},wh),
where

wh =w, for e¢ {uv,uv’ vol},
whk =a+[e] if e=uv,
L=k(G@)—a—[e] =S (w¢| f=ua and a€V\ {v}) if e=uv®, and
wl=k(G)—a—[e] = (ws| f=vb and be VL \ {u}) if e=vol.
G is the multigraph (VR U{v®}, E(VR) U {uv,uv® vof*},wf), where

=w, for e¢ {uv,uv’® voft},

=a+[fF] if e=uw,

wl=k(G)—a—[p] - (ws| f=ua and a€ Vg \{v}) if e=uv®, and
wl=k(G)—a—[B] - (ws|f=vb and be Vg \{u}) if e=vv k.

g &
® x®

The above definition “works”, in spite of the rounding. The following
theorems may be found in Marcotte [7], where they appear as Theorems
2.10 and 2.11, respectively. Observe that by construction of G, and G, the
valency of u (resp. v) in each of these multigraphs is equal to k(G). Also the
valency of any vertex of G, (resp. Gr) is at most k(G). Finally, the choice of
the multiplicities for uv, uv”, vol, wv’ and vo’ implies that the maximum
odd set quotient of G, (resp. Gr) is at most k(G). This follows because the
edge multiplicities have been defined by using an optimal fractional colouring
of G.

Theorem 6.3. The fractional chromatic indices of G and Gg are equal
to k(G).

Theorem 6.4. Let G, and G be defined as in Definition 6.2, and let C'y =
{N1,Na,..., Ny} be an edge-colouring of G, and Cy ={Q1,Q2,...,Qr)}
an edge-colouring of G g, where the N; and (); are matchings in G, and Gg
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respectively. Then there exists an edge-colouring C' ={ M, M, .. .,Mk(G)} of
G such that for every t€{1,2,...,k(G)}, M\NE (V1) is contained in N;,(NE (V)
for some i and MyNE(Vg) in Q;NE(Vg) for some j.

These theorems enable us to conclude, by induction on |V (G)|, that all
multigraphs with no minor isomorphic to K5\ e or K33 verify the exact
conjecture.

Theorem 6.5. The chromatic index of G is max{p, [k]} for any graph G
that does not contain K5\ e or K33 as a minor.

Proof. The proof is by induction on |V (G)| and k(G). Note that the theorem
is true for graphs with 10 vertices or fewer (see Plantholt and Tipnis [8]). If
G has a cut vertex, the edge-colourings of the 2-connected components of G
can be combined to yield an edge-colouring of G itself. If G is 2-connected
but not reduced, the results of Section 3 and the induction hypothesis imply
that x/(G) = max{p,[k]} (note that the multigraphs obtained from G by
shrinking connected subgraphs of G cannot contain Ks\e or K33 as a minor).
If G is a triangle-subdivision of the triangle, the result of Seymour [13]
(for series-parallel multigraphs) implies that x'(G) = max{p, []}. If G is
reduced and is a triangle-subdivision of the prism or the n-wheel for some
n > 3, the results of Sections 4 and 5 imply that there exists a matching
M such that k(G \ M) = k(G) — 1. The induction hypothesis then yields
V(G) =X (G\M) +1=k(G).

Finally, if G is 2-connected and reduced and has a proper 2-vertex cutset,
we let {u,v} denote such a cutset and V7, and Vg the corresponding subsets
of vertices. The following procedure will yield an edge-colouring of G with
the desired properties:

e add leaves u' and v’ to G (if necessary) so that w(d(u))=w(d(v))=k(G),

e decompose GG into lobes GG, and Gpg, where the vertex set of G is
Vi, U{vl} and the vertex set of G consists of the vertices in VzU{vf}
and the leaves (if any),

e colour the edges of Gp\{v/,v'} and Gg\{v,v'} with at most k(G) colours,

e extend the edge-colouring of G\ {u/,v'} (resp. Gr\{v/,v'}) to an edge-
colouring of G, (resp. Gg), and

e “fuse” the colourings of Gy and G to obtain a colouring of G (see
Theorem 6.4).

Note that the induction hypothesis can be applied to Gp\{u',v'} and
Gr\{u',v'} because they have fewer vertices than G, and that the edge-
colouring of G\ {v/,v'} (resp. Gr\ {v/,v'}) can be extended to an edge-
colouring of G, (resp. Gr) because u' and v are leaves. |
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